The phase diagram of fluids of hard biaxial ellipsoids with c/a = 10 and b/a ∈ {1, 10}, where a, b, and c are the semi-axes, has been studied using computer simulation. Four homogeneous phases are in evidence: isotropic (I), nematic (N + ), discotic (N − ) and biaxial (B). First-order isotropic-nematic and isotropic-discotic coexistence lines have been traced out using Gibbs-Duhem integration of the coexistence pressure with respect to the molecular biaxiality. We conclude that the isotropic-nematic transition is greatly weakened by a modest degree of molecular biaxiality, in agreement with several recent theories. The I-N + and I-N − lines meet two second-order nematic-biaxial and discotic-biaxial lines at the Landau bicritical point. This point is predicted to occur at around the self-dual particle shape, b/a = c/a, and so extensive simulations have been performed at and around this point. Very sluggish behaviour is expected in this region of the phase diagram and so long simulations were required. An estimate of the location of the Landau bicritical point is reported. We also highlight the asymmetry of the phase diagram about b/a = c/a, where the ellipsoid is neither prolate nor oblate.
Introduction
Liquid crystals are dense phases and so the hard core repulsion between constituent particles dominates the structure. Onsager showed that purely repulsive interactions are sufficient to give rise to orientationally ordered phases [1] . This was confirmed later by computer simulations [2] . There are discrepancies, however, between results for hard particle fluids and those from real experiments. Specifically, the isotropicnematic (I-N) phase transition in hard uniaxial particle fluids has associated with it nematic order parameters (S ∼ 0.6-0.9) and fractional density jumps (∆ρ/ρ ∼ 0.1) [3] in excess of those observed in the experimentstypically S ∼ 0.4 and ∆ρ/ρ ∼ 0.01. This is not a flaw of hard body models per se, since these discrepancies are still apparent even when attractive interactions are included [4] .
One possible explanation is that the uniaxial model is at fault [4] [5] [6] real mesogenic molecules are by no means uniaxial. Therefore the hard biaxial particle fluid could be a more accurate reference system for describing real liquid crystals. Tjipto-Margo and Evans investigated the effect of molecular biaxiality on the I-N transition in fluids of hard biaxial ellipsoids by a variant of Onsager theory [7] . In the original Onsager theory [1] the virial expansion of the free energy is truncated at the second virial coefficient, B 2 [ψ(Ω)], which is a functional of the orientational distribution function, ψ(Ω), where Ω represents the molecular orientation. This approximation is exact in the limit of infinitely thin rods since B n /B n−1 2 → 0 as the aspect ratio, x → ∞. The I-N transition occurs at vanishing density in this limit. For intermediate elongations, however, the effect of higher virial coefficients cannot be ignored. Tjipto-Margo and Evans used a free energy scaling procedure due to Parsons [8] and Lee [9, 10] . In this scheme the Carnahan-Starling free energy for hard spheres [11] is scaled by B 2 [ψ(Ω)]/4v 0 , where v 0 is the molecular volume. The resulting free energy functional is then accurate in the spherical (x = 1) and infinitely prolate (x = ∞) limits [3] , since B 2 /4v 0 = 1 for hard spheres. On application of these ideas to the I-N transition in fluids of hard biaxial ellipsoids Tjipto-Margo and Evans concluded that ∆ρ/ρ can be diminished significantly by a modest degree of biaxiality. The same conclusions had been reached by Gelbart and Barboy [5, 6] and in more recent theoretical studies of spheroplatelets [12] . Computer simulations have yet to confirm these results directly.
Biaxial particles may exhibit four homogeneous fluid phases: the isotropic (I) phase; the nematic (N + ) phase, occurring in prolate particle fluids, where the long molecular symmetry axes are ordered; the discotic (N − ) phase, occurring in oblate particle fluids, where the short molecular symmetry axes are ordered; the biaxial (B) phase, where each molecular symmetry axis has a preferred direction of alignment. The two first-order I-N ± lines meet two second-order N ± -B lines at the Landau bicritical point, the location of which has been the subject of theoretical study [13] [14] [15] [16] .
The computer simulation of systems about this bicritical point is difficult due to large fluctuations in the second-rank order tensor: this tensor is taken to be the order parameter in Landau theory [17] . Simulation studies have appeared covering a range of different systems [18, 19] . In the case of hard biaxial ellipsoids Allen [18] established the rough features of the phase diagram and an estimate of the location of the Landau bicritical point was made, despite very sluggish behaviour having been observed. The I-N ± coexistence lines were mapped out approximately, although no attempt was made to evaluate the strength of the transition as a function of biaxiality. The parameters defining the dimensions of the ellipsoids are x = c/a and y = b/a where a, b, and c are the ellipsoid semi-axes. A prolate uniaxial ellipsoid {x > 1, y = 1} is transformed through a biaxial ellipsoid {x > 1, 1 < y < x} into an oblate uniaxial ellipsoid {x > 1, y = x} by increasing b from a to c. When b = c/a the ellipsoid is neither prolate nor oblate and this is called the self-dual geometry, y sd = √ x. This is predicted to be the approximate geometry at which the bicritical point occurs, y bc . [13] [14] [15] [16] . The latest prediction, by Hołyst and Poniewierski [16] , is that y bc exceeds y sd as x is increased; for instance, y bc is predicted to be 6% greater than y sd at x = 7, the difference growing with increasing x.
In this paper we study the role of molecular biaxiality in the I-N transition in fluids of hard biaxial ellipsoids, and attempt to determine the location of the Landau bicritical point, using computer simulation. We use a variant of the Gibbs-Duhem integration technique introduced by Kofke [20, 21] to integrate a Clapeyron-like equation for the I-N ± coexistence pressure with respect to the molecular biaxiality, y. At each value of y, constant-pressure simulations are performed to evaluate coexistence densities, order parameters and the right-hand side of the equation. The approach to the bicritical point is attempted from the prolate and oblate uniaxial limits, for which coexistence data are established by thermodynamic integration or obtained from previous studies [3] . The location of the Landau bicritical point is studied using single box simulations at constant pressure. In Ref. [18] sluggish equilibration was observed in runs of the order of 10 4 Monte Carlo sweeps. In this work we employ runs of at least an order of magnitude longer. This paper is arranged as follows. Section 2 describes the simulation techniques used in this study, including thermodynamic integration and Gibbs-Duhem integration. Section 3 covers the computational details of the simulations we have performed. The results are presented in section 4 and section 5 concludes the paper.
Simulation techniques

Thermodynamic integration
In this section we briefly outline the simulation techniques employed in this study. A standard thermodynamic relationship exists between the chemical potential, µ, and the equation of state of a system of N particles in a volume V , density ρ = N/V and pressure, P , in a single phase:
µ 0 is the chemical potential at a reference pressure, P 0 . The equations of state for each phase are constructed by simulations at many state points, and hence by calculating µ 0 for each phase the coexistence conditions are solved for ρ iso and ρ nem , the isotropic and nematic coexistence densities respectively:
Using this technique we can determine the coexistence point in the P − y plane from which to start Gibbs-Duhem integration.
We describe a method of evaluating the excess chemical potential, µ ex , in dense fluids due to Smith and Labik [22, 23] . Consider a fluid of N hard ellipsoids in a volume V at density ρ = N/V and reciprocal temperature β = 1/k B T , where k B is Boltzmann's constant. The chemical potential of a single scaled hard ellipsoid, with semi-axes (λa, λb, λc), in a fluid of full-size hard ellipsoids is
where P(λ) is the probability of inserting a scaled ellipsoid randomly into the fluid without overlap. The original Widom expression, with λ = 1, is subject to poor statistics. The low probability of inserting a full-size particle into the fluid without overlaps also precludes the application of Gibbs ensemble techniques to phase coexistence in dense hard particle fluids. There are exact thermodynamic constraints on the form of βµ ex (λ) [23] :
η = ρv 0 , the packing fraction, where v 0 is the unscaled ellipsoid volume. βµ ex (λ) can be easily measured in a simulation for a number of values of λ ∈ {0, 1}, and a fit made subject to the thermodynamic constraints.
The excess chemical potential of the fluid is then given by reading off the value of the fitted curve at λ = 1.
Gibbs-Duhem integration
Once a coexistence point in the P − y plane is established, at the uniaxial limits y = 1 or y = x, Gibbs-Duhem integration can be used to move along the coexistence line towards the bicritical point. This is done by integrating a Clapeyron-like first order differential equation which gives the slope of the coexistence pressure, P , between two phases labelled α and γ, with respect to an independent thermodynamic variable, λ. λ in this application will be a measure of the biaxiality, and will be assigned later. The derivation of this generalised equation has been covered in detail before [3] and we shall just quote the results here. The Clapeyronlike equation is
where v = 1/ρ, the volume per particle, and
∆ refers to the difference between the two coexisting phases denoted by α and γ, so
Calculation of Γ
The measurement of Γ in the case of hard spheroids is detailed in Ref. [3] , and we shall quote the results here. We choose to alter λ = ln b as the biaxiality variable. The ellipsoid volume is held constant throughout the integration path and so the total derivative of the free energy is given in terms of partial derivatives with respect to all three semi-axes:
where
In a simulation Γ a is evaluated by counting the number of pair overlaps, N overlap a , which result from scaling a by a factor (1 + ǫ), where ǫ is small and positive, with b and c held constant:
a is then returned to its appropriate value for the current biaxiality. Similar equations hold for Γ b and Γ c . The instantaneous value of Γ is then calculated and accumulated as an ensemble average:
The integrator
Starting from a simulation of both phases at the known coexistence pressure P for a given biaxiality parameter λ, we wish to move to a new transition pressure P ′ corresponding to new biaxiality λ + ∆λ, where ∆λ is the chosen step size in λ = ln b. Having evaluated Γ , and the volume per particle v = 1/ρ, in both simulation boxes at pressure P , we evaluate the right hand side of Eq. (8), which we denote Φ. There are many numerical techniques available for solving first-order differential equations. In this work we employ a straightforward trapezoid predictor-corrector method. The new coexistence pressure, P ′ is predicted by
Next, a corrector stage is performed where the running average of the rhs of Eq. (8), denoted by Φ ′ , is used to correct the predicted pressure:
To do this, a simulation is started at a pressure P ′ and a running average of Φ ′ is accumulated over a number of MC sweeps, after which the pressure is corrected as in Eq. (16) . This process is repeated until successive corrected pressures converge within a given tolerance. Note that the values P and Φ do not change during the course of a simulation: they are the values for the previous biaxiality. A production run at this corrected pressure provides a new integrand by which the next coexistence pressure is predicted.
Order parameters
In this section we outline the definition and calculation of order parameters, following Ref. [18] . The order parameters necessary to describe uniaxial and biaxial ordering are the orientational distribution averages of the following four functions:
(1 + cos 2 θ) cos 2φ cos 2ψ − cos θ sin 2φ sin 2ψ, (17) where (θ, φ, ψ) represent the Euler angles of a biaxial particle in the laboratory frame. Q In a simulation the molecular and laboratory axes must be distinguished, which we achieve by assuming that the molecular axes can be identified with the symmetry axes of the molecule. From the unit vectorsx i ,ŷ i ,ẑ i , along each symmetry axis of molecule i we define the order tensor,
with similar definitions for Q yy and Q zz ; I is the second-rank unit tensor. The relevant order parameters are then given by distribution averages of the following quantities:
These expressions are equivalent to those in Eq. (17) . The order tensors for each symmetry axis α = x, y, z are calculated and the eigenvalues λ α + , λ α 0 , λ α − , and eigenvectors determined. The symmetry axis with the largest λ + is identified as the principal molecular axis z, and the corresponding eigenvector defines the laboratory Z axis. The symmetry axis with the second largest λ + is identified with the molecular y axis, with the corresponding eigenvector, once orthogonalised with respect to Z, defining the laboratory Y axis. The remaining symmetry axis defines the molecular x axis and the laboratory X axis is orthogonal to Y and Z. The instantaneous order parameters are then calculated by Eq. (19) and averaged over a simulation run.
Computational details 3.1 The isotropic-nematic transition
We describe here the free-energy calculations performed in determining I-N coexistence in the oblate uniaxial limit {x = 10, y = 10}, for use as a starting point for Gibbs-Duhem integration in the P − y plane. The starting point in the prolate uniaxial limit {x = 10, y = 1} was taken from Ref. [3] , and was itself determined by Gibbs-Duhem integration from {x = 5, y = 1} and {x = 20, y = 1} to {x = 10, y = 1}. We then detail the Gibbs-Duhem integrations from the uniaxial limits towards the bicritical point.
Throughout this work standard hard particle Monte Carlo (MC) methods [24] were employed, with truncated octahedral periodic boundary conditions and the ellipsoid overlap criterion due to Perram and Wertheim [25, 26] . One MC sweep consisted of an attempted translation and rotation per particle, and in constant-pressure simulations an attempted volume change. Any move which resulted in overlap was rejected, and the displacement parameters were adjusted to give a 40-50% acceptance ratio. The ellipsoid dimensions were chosen such that 8abc = 1, whereby the ellipsoid volume is π /6 and the close-packed density ρ cp = √ 2 irrespective of elongation or biaxiality.
Starting points
The coexistence pressure at {x = 10, y = 10} was determined by thermodynamic integration. The equation of state was measured using constantpressure MC simulations of N = 343 ellipsoids, typically over 50-100 × 10 3 MC sweeps per state point. The results are shown in Table 1 along with the nematic order parameter, S ≡ Q 2 00 , calculated as outlined in section 2.3. Equation of state data were also taken from Ref. [27] and used in the fitting procedure, all of which are shown in Fig. 1 . The chemical potential was calculated at ρ/ρ cp = 0.2, 0.3, either side of the observed transition, using the extrapolation procedure of section 2.1, in the course of constant-volume simulations. N = 500 particles were simulated over 20×10 3 MC sweeps, with 500 test particle insertions every 10 sweeps and [27] . The results are shown in Table 2 . Thermodynamic integration yielded the coexistence data shown in Table 3 and Fig. 1 .
Gibbs-Duhem runs
Gibbs-Duhem simulations were performed integrating from {x = 10, y = 1} to {x = 10, y = 1.9573}. Constant-pressure MC simulations were run in each phase simultaneously with system sizes of N = 343 over 50000 MC sweeps. Γ was calculated in each phase every 10 MC sweeps using the axis-scaling procedure outlined above, with ǫ = 0.005. This choice is small enough to be asymptotically correct but is large enough to result in a statistically significant number of overlaps. The predictorcorrector stage consisted of updating the current estimate of the coexistence pressure every 10000 MC sweeps until it had converged to within 10 −3 . The production run consisted of 50000 MC sweeps. The integration step size was set at ∆ ln b = 
The bicritical point
To investigate the bicritical point and the region of stability of the biaxial phase we performed simulations at three particle shapes at and around the self-dual point: {x = 10, y = 2.818}, {x = 10, y = √ 10 ≃ 3.162} and {x = 10, y = 3.548}. Constant-pressure MC simulations were performed in the range 2.0 ≤ βP ≤ 10 at {x = 10, y = 2.818, √ 10} and 2.0 ≤ βP ≤ 14 at {x = 10, y = 3.548}. The initial configurations were in the low density isotropic phase, and the simulations were performed in sequences of increasing pressure. The order parameters were calculated as in section 2.3. The simulations consisted of several hundred thousand MC sweeps for equilibration followed by a production run of at least 10 5 MC sweeps.
Results
The isotropic-nematic transition
The results of the Gibbs-Duhem integrations from the prolate and oblate uniaxial limits are shown in Table 3 . To monitor the integration accuracy, the chemical potentials in each phase can be calculated by integrating Eq. (8) by the trapezoid rule,
with λ = ln b. As shown in Table 3 equality is maintained between the chemical potentials in each phase along the integration path. In Fig. 2 we present the I-N + /N − coexistence pressure as a function of the biaxiality, y, along with the predictions of Parsons-Lee theory [7] . A monotonic increase in pressure is observed from both uniaxial limits. We note the considerable asymmetry of the diagram about y = √ 10. There is some agreement between the simulation results and the theoretical predictions; the theory, however, is based upon the second virial coefficient which, in the case of ellipsoids, has the symmetry [7] 
which results in a symmetric phase diagram in the P − log y or ρ − log y planes. In Fig. 3 the coexistence densities are presented with the Parsons-Lee theory predictions. There is only one oblate biaxial shape represented, as mentioned in section 3.1.2, but the asymmetry in the diagram is still apparent. The agreement between the simulation results and the Parsons-Lee theory is good. The I-N + lines show that the transition becomes weaker as the particles are made more biaxial, in the sense that ∆ρ decreases. In Fig. 4 we show ∆ρ/ρ, which falls sharply as y is increased from y = 1 to y ≃ 2. This brings the hard particle results into the regime of those obtained in real experiments, where ∆ρ/ρ ∼ 0.01. Excellent agreement is found between the simulations and theory for this parameter. The order parameters at coexistence are shown in Fig. 4 . At y = 1, the uniaxial nematic order parameter S ≡ Q (3) between simulation and theory for this parameter.
The bicritical point
In Tables 4, 5 , and 6 and Figs. 5, 6, and 7 we show the equations of state and the order parameters for the three geometries {x = 10, y = 2.818, √ 10, 3.548}, as measured in constant-pressure MC simulations. As expected, long timescale fluctuations were observed in the measured quantities resulting in sizeable statistical errors, particularly in the biaxial order parameter, Q 2 22 . The equations of state are similar and so we turn to the order parameters for estimates of transition data for these geometries.
For the predominantly prolate geometry, {x = 10, y = 2.818}, Q 2 00
increases sharply at ρ/ρ cp ≃ 0.35, signalling the I-N + transition. Q 2 22 indicates the N + -B transition at ρ/ρ cp ≃ 0.47. At the self-dual geometry we see that although Q 2 00 clearly defines a transition at ρ/ρ cp ≃ 0.35, Q 2 22 does not confirm that this is the I-B transition. We might expect that Q 2 00 and Q 2 22 rise from their isotropic phase values at approximately the same density, and our results are not inconsistent with this prediction. Therefore we estimate the I-B transition to occur at ρ/ρ cp ≃ 0.35. This particular region of the phase diagram is very hard to simulate accurately given its critical nature. Unlike more familiar critical points, the bicritical point here does not have a diverging density-density correlation length associated with it, only long ranged orientational correlations [17] . Much larger system sizes and very long Estimates of the transition pressures and densities at these three geometries are shown in Figs. 2 and 3 respectively. The I-N ± transition data match up with the Gibbs-Duhem results, at least on the prolate side of the phase diagram. The N ± -B coexistence lines are very steep, indicating a small range of geometries for which a biaxial phase is found. At moderate biaxialities, the N ± -B transition occurs at high density and is therefore likely to be preempted by crystallisation. The formation of smectic phases is thought to be unlikely due to the approximate affine transformation between the biaxial phase and the hard sphere system [28] .
From these simulations we estimate that the Landau bicritical point occurs at y = √ 10 and ρ/ρ cp ≃ 0.35 -any deviations from this geometry are impossible to infer from the current data.
Conclusions
The phase diagram of the hard biaxial ellipsoid fluid has been studied using computer simulation. The I-N + coexistence curve has been mapped out using Gibbs-Duhem integration with respect to the molecular biaxiality. The main conclusion is that the strength of the transition is weakened dramatically by a modest degree of biaxiality, improving the correspondence between hard particle results and those from real experiments. We have confirmed, essentially, that the hard particle models are still a useful reference system for describing liquid crystal phases.
The difficulty in integrating from the oblate uniaxial limit is likely to be due to some unusual behaviour around the I-N ± transition observed in both the present work and in Refs. [3, 29] . The equation of state for {x = 10, y = 10} measured in the present work does not show a finitesize loop; rather the shoulder we would expect on the isotropic side is rounded off (see Fig. 1 ). This was also seen in extremely long molecular dynamics simulations at {x = 5, y = 1} [3] . In both cases the coexistence pressure determined by thermodynamic integration is consistent with the extrapolated equations of state. According to the measured equation of state, if isotropic and nematic phases are held at this pressure the isotropic phase will undergo a transition to the nematic phase whilst the nematic phase will remain ordered. In the present study both phases remained distinct at {x = 10, y = 10} for 50 × 10 3 MC cycles, but at {x = 10, y = 8.2540} the isotropic phase spontaneously ordered. Further investigation into the exact nature of the isotropic-nematic transition and the effects of finite size would require a significantly greater expenditure of computer time.
Comparison of our simulation results with the Parsons-Lee theory of the I-N ± transition shows the theory to be accurate in some respects. The theory cannot give rise to the prolate/oblate asymmetry that we have observed, relying as it does on the second virial coefficient. As an aside, it is of great interest to find a representation of the free energy of hard non-spherical particle fluids, from first principles, which captures manybody interactions accurately. One possible route is an extension of the geometrical treatment of isotropic phases by Rosenfeld [30, 31] .
We have performed extensive simulations at and around the ellipsoid self-dual point to obtain an estimate of the Landau bicritical point. The most recent theoretical prediction locates this point at a geometry which deviates from the self-dual anisotropy. Our simulations cannot provide any evidence of this deviation, primarily because of the difficulty in simulating this kind of critical point.
